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Abstract. A new exact analytical solution of a system of thermal convection equations in the Boussinesq approximation 
describing layered flows in an incompressible viscous fluid is obtained. A fluid flow in an infinite layer is considered. 
Convection in the fluid is induced by tangential stresses specified on the upper non-deformable boundary. At the fixed 
lower boundary, the no-slip condition is satisfied. Temperature corrections are given on the both boundaries of the fluid 
layer. The possibility of physical field stratification is investigated. 
INTRODUCTION 
The study of convective motions of a viscous fluid is one of the most common problems in very different 
theoretical and applied scientific disciplines. Particularly interesting is the question of the presence of stagnant 
points in a fluid layer. If the solutions of the Navier-Stokes equations and their modifications are continuous 
coordinate functions, then near such points, as a rule, stagnant zones (that is, regions with backflow) are formed. 
Examples of exact solutions possessing stagnant points are given in [1–4]. Finding new exact solutions to the 
equations of hydrodynamics describing the appearance of stagnant zones in a fluid is an urgent problem. In addition, 
this solution, for certain values of the parameters given on the fluid layer boundaries, allows the appearance of 
physical field stratifications and, besides, there can be several stratification points. 
In this paper, a new exact solution describing the motion of a viscous incompressible fluid under the action of 
tangential forces, given at the upper boundary, which are not the result of a capillary effect, is proposed.  A 
characteristic feature of the obtained solution is the three-dimensionality of the pressure and temperature fields along 
the coordinates. 
BOUNDARY VALUE PROBLEM FORMULATION 
Convective flows of a viscous incompressible fluid are described by the Oberbeck-Boussinesq equation system 
consisting of  
the Navier-Stokes equations 
 
   ,V V V k= P g T  Q'  E  (1) 
 
the heat equation 
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 ,V kT = T g T F'  E  (2) 
 
and the incompressibility equation 
 
 0.V   (3) 
 
Here,    , , , ,V Tx y zx y z V V V  is a velocity vector; P  is the deviation of pressure from hydrostatic, divided by 
constant average fluid density U ; T is the deviation from the average temperature; Q  and F  are the coefficients of 
the kinematic viscosity and thermal diffusivity of the fluid, respectively; k  is the unit vector of the z  axis directed 
vertically upwards;   is the Hamiltonian operator; '  is the three-dimensional Laplace operator. 
The system (1) – (3) is nonlinear (the terms of the convective derivative remain present in the heat equation) and 
overdetermined (5 equations with respect to four unknowns (velocity components yx V,V  and physical fields T  and
P ). To avoid overdetermination, we will seek a solution in the class proposed in [5], 
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The solution (4) identically satisfies the incompressibility equation, 
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Then we substitute the selected class of solutions (4)–(5) into the Navier-Stokes equation (1) and the heat 
equation (2). Equating the coefficients at the identical powers of the horizontal coordinates x  and y , we obtain the 
following system of ordinary differential equations: 
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We consider the following boundary conditions: 
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The case that temperature and stresses are simultaneously set on the upper boundary )BA( 0   was considered 
earlier in [6, 7]. Without loss of generality, we can assume that 0 S , thereby counting the reduced pressure from 
the level specified at the upper boundary. 
EQUATION SYSTEM SOLUTION 
Integrating the system of equations (6) – (10) in view of the boundary conditions, we obtain the exact solution 
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Note that the case 0  BA  is not considered here due to its triviality. 
SOLUTION NORMALIZATION 
We normalize the earlier obtained solution for the components of the temperature field T  and the components of 
the temperature field P  reducing them to a dimensionless form. Without loss of generality, we set 0zA . We 
introduce the following dimensionless parameters: 
l
h,
A
B*   G' , where h  is the characteristic vertical dimension 
of the layer and l  is the characteristic horizontal dimension of the layer. In addition, the dimensionless coordinates 
are determined as 
h
zz,
l
yy,
l
xx     , and they belong to the interval [0,1] . 
The temperature function T  is divided by Al . As a result, we finally arrive at the formula 
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values J and D  are dimensionless. Finally, we obtain 
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Similarly, we divide the pressure function P  by 2AlgE , 
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INVESTIGATION OF THE SOLUTION 
For further use, we omit the "caps" everywhere in the normalized functions and the reduced variables. Note that 
the functions )z(P),z(T  are linear with respect to x  and y  and quit nonlinear with respect to z . It is inconvenient 
to study these functions on an extremum in this form, since they describe surfaces in a four-dimensional space; 
however, in this case it is possible to reduce the dimensionality by introducing the substitution  
],[yxt ** ''  10 . It can be shown that the point )z,y,x( ***  is an extremum of the function )z(T  (or )z(P ) if 
and only if the extremum of this function is a point )z,t( ** , where *
*
** yxt ' . 
A sufficient condition for the existence of an extremum for the function )z,t(f  of two variables is the 
determination of the sign of the expression 
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at a point suspicious of an extremum. In the case of a temperature function, we have 
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that is, the function T has no extremum. Similarly, it is proved that there is no extremum for the pressure function 
P . However, the absence of an extremum in these functions does not guarantee the absence of stagnant points 
determining the position of the field stratification.  
There are possible combinations of system parameters such that sublayers can be identified within the layer 
under study. The boundaries iz  of these sublayers are the zeros of the function 0T  if the temperature field is 
investigated, and of the function 0P  if one studies pressure.  
First, we study the temperature function 0T . It obviously vanishes at the point 0z0  . However, this point is the 
left boundary of the interval [0,1] ; therefore, it does not determine the sublayer with a counterflow. 
Let us introduce the function )z(f  into consideration, such that 
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behavior of this function has shown that it can go to zero within the interval (0,1) , and there can be several such 
points. In Figs. 1 to 3, examples of situations that the function 0T  has 0, 1 or 2 zeros within the interval (0,1) are 
given. 
FIGURE 1. The behavior of the 
function )z(T0  (for 01   b,a ) 
 
FIGURE 2. The behavior of the 
function )z(T0  (for 101   b,a ) 
FIGURE 3. The behavior of the function 
)z(T0  (for 120   b,a ) 
Similar situations are possible for the pressure function 0P  (Figs. 4 – 6).  
  
FIGURE 4. The behavior of the function 0P  FIGURE 5. The behavior of the function 0P  
 
FIGURE 6. The behavior of the function 0P  
CONCLUSION 
Layered large-scale flows of a viscous incompressible fluid, induced by a temperature gradient and tangential 
stresses at the boundary, have been considered in the stationary case. An exact solution of the system of thermal 
convection equations in the Boussinesq approximation for given boundary conditions has been obtained. For a 
solution describing physical fields, it has been demonstrated that under certain conditions there are points at which 
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the homogeneous (with respect to the horizontal coordinates) terms of the temperature and pressure functions 
vanish. In addition, when passing through these points, the values of temperature and pressure change their signs to 
the opposite. It has also been shown that, if there is such a point in the fluid layer, then it may be not unique.  
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